Roles of orbital degree of freedom of Mn ions in phase transition as functions of temperature and hole concentration in perovskite manganites are studied. It is shown that the orbital order-disorder transition is of the first order in the wide region of hole concentration, and the Néel temperature for the anisotropic spin ordering, such as the layer-type antiferromagnetic one, is lower than the orbital ordering temperature due to the anisotropy in the orbital space. The calculated results of the temperature dependence of the spin and orbital order parameters explain a variety of the experiments observed in manganites.
I. INTRODUCTION
Perovskite manganites A 1Ϫx B x MnO 3 (A represents La, Nd, or Pr, B represents Sr or Ca͒ and their related compounds have been studied extensively from both experimental and theoretical sides since the discovery of colossal magnetoresistance ͑CMR͒. [1] [2] [3] [4] In particular, the gigantic decrease of the electrical resistivity is brought about in the vicinity of the transition from a spin, charge, and orbital ordered phase to a ferromagnetic metallic one with slightly changing temperature and/or by applying external fields. 5, 6 Thus, mechanism of such dramatic phenomena associated with the phase transition is the central issue of current studies. It is now accepted that CMR and its related phenomena are not understood within the simple double exchange scenario. 7 The orbital degree of freedom in Mn ions is one of the convincing candidates to bring about a rich variety of phenomena in perovskite manganites. Due to the strong Hund coupling and the crystalline field, two e g orbitals of a Mn ion, i.e., the d 3z 2 Ϫr 2 and d x 2 Ϫy 2 orbitals, are degenerate and one of them is occupied by an electron in a Mn 3ϩ ion. It is well known that the (d 3x 2 Ϫr 2 /d 3y 2 Ϫr 2) -type orbital ordered state, where the two orbitals are alternately aligned, is realized in the undoped manganites LaMnO 3 . [8] [9] [10] [11] [12] Recently, the uniform alignment of the d x 2 Ϫy 2 orbital in the layer (A)-type antiferromagnetic ͑AF͒ metal is experimentally confirmed in Pr 0.5 Sr 0.5 MnO 3 , Nd 0.45 Sr 0.55 MnO 3 ͑Refs. 13-15͒, and La 1Ϫx Sr x MnO 3 with xϳ0.55 ͑Ref. 16͒. It is recognized that the orbital degree of freedom controls the transport and optical properties in the metallic phase as well as the magnetic one.
In this paper, we study the phase transition in perovskite manganites based on the model where the orbital degree of freedom and electron correlation are included. By adopting the mean-field theory, roles of the orbital in the phase transitions are investigated as functions of temperature ͑T͒ and carrier concentration (x). Since there is a strong anisotropy in the orbital space unlike the spin one, the orbital orderdisorder transition is of the first order in the wide range of x, and the Néel temperature T N for the anisotropic spin ordering, such as the A-type AF one, is lower than the orbital ordering temperature T OO . The calculated temperature dependence of the spin and orbital order parameters explains a variety of experiments in manganites.
In Sec. II, the model Hamiltonian is derived and the mean-field theory at finite T is introduced. In Sec. III, the numerical results of the spin and orbital phase diagram are presented. We focus on the phase transitions in ͑i͒ a lightly doped region where the ferromagnetic Curie temperature, T C , and T OO are close with each other and ͑ii͒ a highly doped region where the A-type AF state accompanied with the d x 2 Ϫy 2 orbital appears. In Sec. IV, the phase transitions are studied analytically by expanding the free energy with respect to the spin and orbital order parameters. Section V is devoted to the summary and discussion.
II. MODEL AND FORMULATION
Let us set up the model Hamiltonian describing the electronic structure in manganites. We consider the tight-binding Hamiltonian in the cubic lattice consisting of Mn ions. At each site, two e g orbitals are introduced and t 2g electrons are treated as a localized spin (S ជ t 2g ) with Sϭ3/2. We introduce three kinds of Coulomb interaction between e g electrons at the same site, i.e., the intraorbital Coulomb interaction (U), the interorbital interaction (UЈ), and the exchange interaction (I). The hopping integral between site i with orbital ␥ and its nearest-neighboring site j with ␥Ј is denoted by t i j ␥␥Ј .
The Hund coupling (J H ) between e g and t 2g spins and the antiferromagnetic superexchange ͑SE͒ interaction (J AF ) between nearest-neighboring t 2g spins are also introduced. Among these parameters, the intrasite Coulomb interactions are the largest. Thus, by excluding the doubly occupied state in the e g orbitals, we derive the effective Hamiltonian describing the low-energy electronic states, 
The detailed derivation of the Hamiltonian is presented in Ref. 17 . Characteristics of this Hamiltonian are summarized as follows: ͑1͒ the two kinds of magnetic interactions between spins of e g electrons, i.e., the SE and double exchange interactions are described by H J and H t , respectively, 19 ͑2͒ there is a strong anisotropy in the pseudospin space unlike the spin space, and ͑3͒ the first term in Eq. ͑3͒ is the dominant term in H J and stabilizes the ferromagnetic state associated with the antiferromagnetic-type orbital ordered one where different types of orbitals are alternately aligned. [20] [21] [22] [23] The interaction between the orbital degree of freedom and the Jahn-Teller ͑JT͒-type lattice distortion is not included in this model by considering the following facts: ͑1͒ the cooperative JT distortion is rapidly diminished by doping holes in mangnites with large bandwidth, 24 ͑2͒ in La 0.88 Sr 0.12 MnO 3 , the orbital ordering is experimentally confirmed in the phase where the cooperative JT distortion is almost quenched, 19 and ͑3͒ the linear coupling between the pseudospin and the JT-type distortion does not change the order of the phase transition at xϭ0. Effects of the higher-order coupling between the orbital and the lattice distortion are discussed in Sec. V.
Being based on the Hamiltonian, the spin and orbital states are studied at finite T and x. The mean-field theory proposed by de Gennes 25 is applied to the present system with orbital degeneracy and electron correlation. 26 In this theory, the spin and pseudospin operators are treated as classical vectors, 
where ជ i u is the mean field and i u is the normalization factor given by
The free energy is given by a summation of the expectation value of the Hamiltonian and entropy,
where N is the number of Mn ions and S u is the entropy for u ជ defined by
͗A͘ u implies the expectation value of A with respect to the 
and is diagonalized in the momentum space as follows:
where k ជ l is the energy in the lth band for the spinless and orbital-less fermion with momentum k ជ and N l is the number of the bands. The Fermi energy F is determined by the
Fermi distribution function. The mean-field solutions are obtained by minimizing F with respect to ជ i u .
III. NUMERICAL RESULTS

A. Spin and orbital phase diagram at finite temperature
The spin and orbital states at finite T and x are numerically calculated by utilizing the mean-field theory introduced in Sec. II. The four types of spin structure, that is, the ferromagnetic ͑F͒, the layer ͑A͒-type AF, the rod ͑C͒-type AF, and the NaCl ͑G͒-type AF structures are considered. As for the orbital, the ferromagneticlike structure, where one kind of orbital exists, and the G-type structure, where two kinds of orbital are alternately aligned in the ͓111͔ direction, are considered. The homogeneous phase where the charge carriers are uniformly distributed is assumed unlike the phaseseparated state. This is because we have confirmed that stability of phase separation is sensitive to the interactions in the model and the order parameters in the mean-field approximation, although the considered interactions and order parameters in the present calculation are sufficient to investigate roles of the orbital of our interest.
The numerical results are shown in Fig. 1 . Parameter values are chosen to be J 1 /t 0 ϭ0.25, J 2 /t 0 ϭ0.075, and J AF /t 0 ϭ0.0035 which are determined by the analyses of the photoemission experiments 29 and the Néel temperature in CaMnO 3 . 30 The schematic pictures of the orbital ordered states are also presented. With increasing x from xϭ0, the spin structure changes as A-type AF → F→A-type AF →G-type AF which is associated with change of the orbital states; in the region of xр0. 25 31 The calculated results of the spin and orbital phase diagram at Tϭ0 are consistent with those obtained by the Hartree-Fock theory. 31 The spin and orbital phase diagram at finite T was calculated in Ref. 32 where the Monte Carlo method in a finite-size cluster was used in the spin-orbital-lattice coupled model. Now, let us focus on the spin ordering temperatures, i.e., T C and T N , and the orbital ordering temperature, T OO , in Fig. 1 Fig. 1 that T OO is higher ͑lower͒ than T C in the region of xϽ0.1 (xϾ0.1). The dominant interaction in the region of xϽ0.1 is provided by H J where the effective interaction between orbitals in the paramagnetic state and that between spins in the orbital disordered state are given by 3J 1 /2 and J 1 /2, respectively. Here, the first term in H J is considered. Thus, T OO is higher than T C . On the other hand, in the region where H t is dominant, gain of the kinetic energy associated with the long-range ordering causes the transition; it is assumed that doped holes are introduced at the bottom of the band and the kinetic energy is proportional to the bandwidth. The ratio of the bandwidth in the ferromagnetic state to that in the paramagnetic state is obtained as 3/2 where the orbital disordered state is assumed. On the other hand, the ratio of the bandwidth in the F-type orbital ordered state to that in the orbital disordered state is obtained as 2 /8, where the spin paramagnetic state is assumed. The energy gain associated with the orbital ordering is smaller than that with the spin one, so that T C is higher than T OO . This is attributed to the hopping integral between different kinds of orbitals.
Between T N for the A-type AF state and T OO , the relation T N рT OO is satisfied in the whole region of x in Fig. 1 . In addition, the orbital order-disorder transition and the A-type AF one are of the first order in the region of xϾ0. 25 . This is numerically confirmed by discontinuity in the orbital ͑spin͒ order parameter at T OO (T N ). Both the two results originate from the anisotropy in the pseudospin space as discussed later in more detail.
B. Spin and orbital phase transitions in the lightly doped region
In the lightly doped region in Fig. 1 , T C (T OO ) increases ͑decreases͒ with increasing x from xϭ0 and the two transi- tion temperatures cross with each other around xϭ0.13 termed x c . Around x c , the coupling between spin and orbital degrees of freedom brings about the unique phase transition as follows. Let us focus on the region where x is slightly higher than x c . With decreasing T, the system changes from the paramagnetic phase with the orbital disordered state to the ferromagnetic phase and then to the ferromagnetic phase with the orbital ordered state. The temperature dependence of the magnetization at xϭ0.14 is presented in Fig. 2͑a͒ where the order parameter of the orbital ordered state is also plotted. It is shown that the magnetization is enhanced below T OO . This originates from the coupling between the spin and orbital in H J ͓Eq. ͑3͔͒; in the mean-field theory, the effective interaction between nearest-neighboring spins is given by Ϫ2J 1 (͗n i n j ͘/4Ϫ͗ i l j l ͘) where the first term in H J is considered. With taking into account the fact that the orbital ordered state is (⌰ A /⌰ B )ϭ(/2 / Ϫ/2) in this region of x, the effective interaction is rewritten as Ϫ2J 1 (1Ϫx) 2 (1/4 ϩ3M t 2 /16) for lϭx and y and Ϫ2J 1 (1Ϫx) 2 /4 for lϭz. Thus, the magnetization increases below T OO as a result of enhancement of the effective magnetic interaction. In the opposite way, the orbital order-disorder transition is influenced by a change of the spin state. The magnetic-field dependence of T OO at xϭ0.14 is presented in Fig. 2͑b͒ . The inset shows a change of the phase diagram by applying the magnetic field around x c . T OO increases by applying a magnetic field. The effective interaction between nearest-neighboring orbitals is given by 2J 1 (1Ϫx) 2 (3/4ϩM s 2 /4) which increases by applying the magnetic field. This implies that the orbital state is controlled by the magnetic field, although the field is not a canonical external field for the pseudospin.
This unique phase transition originating from the coupling between spin and orbital is observed in manganites. 19, 34 In La 0.88 Sr 0.12 MnO 3 , the ferromagnetic ordering occurs at 175 K and the orbital ordering is confirmed below 145 K by the resonant x-ray scattering which is a direct probe to detect the orbital ordering. The ferromagnetic phase with the orbital disordered state changes into the phase with the orbital ordered state at 145 K, so that it corresponds to the calculated phase transition at T OO around xϭ0.14. It is experimentally confirmed that the magnetization is enhanced below 145 K ͓the inset of Fig. 2͑a͔͒ and the orbital ordering temperature increases with applying the magnetic field. [35] [36] [37] 34 These experimental results are well explained by the present calculation and are strong evidences of the novel coupling between spin and orbital in this compound.
C. Phase transition in the highly doped region and the A-type AF metal
In this section, we focus on the phase transition in the highly doped region (xϾ0.5) in Fig. 1 2 Ϫy 2 orbital appears at T OO /t 0 ϭ0.72 and the transition from the ferromagnetic phase to the A-type AF phase occurs at T N . This transition is of the first order and the canted AF phase does not appear between the ferromagnetic and A-type AF phases. This sequential phase transition is caused by the thermal fluctuation of the the orbital; as previously mentioned, the A-type AF state and the F-type orbital ordered state with the d x 2 Ϫy 2 orbital are cooperatively stabilized at Tϭ0. With increasing T, the thermal fluctuation of orbital grows up and the hopping integral in the z direction becomes finite. As a result, the double exchange interaction in this direction overcomes the antiferromagnetic SE interaction and the ferromagnetic phase is stabilized. In region II, the A-type AF ordering and the F-type orbital ordering with the d x 2 Ϫy 2 orbital occur at the same temperature where the transition is of the first-order as shown in Fig. 3͑b͒ . In both the regions I and II, the relation T N рT OO is satisfied. The first order transition at T OO and this relation between T OO and T N originate from the breaking of the inversion symme- 38 It implies the F-type orbital ordering with the d x 2 Ϫy 2 orbital as predicted from the present calculation.
In the actual compounds, where the A-type AF state is observed, the tetragonal lattice distortion is observed and the cubic symmetry is broken far above T N . 13, 38 We simulate this distortion by introducing the uniaxial anisotropy of the hopping integral and the SE interaction and investigate the phase transition. It is assumed that t 0 xy /t 0 z ϭͱJ AF xy /J AF z ϭR, where t 0 xy(z) and J AF xy(z) are the hopping integral and the antiferromagnetic SE interaction in the xy plane (z direction͒. The temperature dependences of the spin and orbital order parameters at xϭ0.725 and 0.9 with Rϭ1.2 are shown in Figs. 4͑a͒ and 4͑b͒ , respectively. Due to the uniaxial anisotropy, M t is finite above the orbital ordering temperature in the system with the cubic symmetry. It is worth noting that ͑1͒ T N for the A-type AF state increases and ͑2͒ the transition at T N is of the first order, although the discontinuity of M s AF is reduced. The latter is attributed to diminution of the change of M t at T N .
Finally, the magnetic-field dependence of T OO is shown in Fig. 5 . T OO decreases with applying the magnetic field in the region of g B B/t 0 Ͻ0.0025 where the nearestneighboring spins in the z direction are canted. The spins become parallel at g B B/t 0 ϭ0.0025 termed B c , and T OO increases with increasing the magnetic field above B c . The orbital ordered state below T OO is of the F type with the d x 2 Ϫy 2 orbital and does not depend on the magnitude of the magnetic field. Above and below B c , the different mechanisms dominate the magnetic field dependence of T OO ; in the region of BϽB c , the spin canting due to the magneticfield promotes the electron hopping in the z axis which weakens the orbital ordered state. On the other hand, above B c , magnitude of the magnetic moment is enhanced by increasing the magnetic field and the orbital ordered state associated with the ferromagnetic spin structure is stabilized. 14 It is experimentally shown that T N gradually decreases with increasing the magnetic field. From the present calculation, it is predicted that this reduction of T N is accompanied with that of T OO , and with increasing the magnetic field furthermore, T OO increases above the critical value of the field.
IV. FIRST-ORDER PHASE TRANSITION AND ORBITAL DEGREE OF FREEDOM
As mentioned in Sec. III, several characteristics of the phase transitions in manganites are attributed to the unique properties of the orbital degree of freedom. In this section we study analytically the phase transition by expanding the free energy with respect to the spin and orbital order parameters. 25 Let us consider the ferromagnetic and A-type AF spin structures and the F-type and G-type AF orbital structures. The expectation values of the Hamiltonian at finite temperature are calculated by the mean-field theory introduced in Sec. II and are expanded with respect to M s and M t . It is assumed that doped holes are introduced at the bottom of the band denoted by k ជ l in Eq. ͑14͒. The explicit form of ͗H J ͘ st is given by 
where
and
The detailed derivation of Eq. ͑19͒ is presented in the Appendix. It is worth noting that the terms which are proportional to M t or M t 3 appear in ͗H J ͘ st and ͗H t ͘ st . This is because the inversion symmetry in the system with respect to the orbital pseudospin is broken, i.e., the free energy with T z ϭ1/2 is different from that with T z ϭϪ1/2. This is highly in contrast to the spin case where the inversion symmetry with respect to the spin operator is preserved due to the timereversal symmetry in the system without a magnetic field. Being based on Eqs. ͑15͒ and ͑19͒, we investigate the phase transition in the F and A-type AF spin structures in more detail. Ferromagnetic structure. Equations ͑15͒ and ͑19͒ with the relation ⌰ l s ϭ0 for lϭx, y, and z are given by
respectively, with 
V. SUMMARY AND DISCUSSION
In this paper we study roles of the orbital degree of freedom in phase transition in perovskite manganites. The effective Hamiltonian, which includes the orbital degree of freedom as well as the spin and charge degrees of freedom, is utilized and the mean-field theory at finite temperature and carrier concentration is adopted. Through both the numerical and analytical calculations based on this theory, it is revealed that several characteristics of the phase transition observed in manganites originate from the unique properties of the orbital degree of freedom. The obtained results are summarized as follows: ͑1͒ The orbital order-disorder transition is of the first order in the wide region of x, and T N for the anisotropic spin structure, such as the A-and C-type AF structures, is lower than T OO . Both the results originate from the fact that the inversion symmetry in the system is broken with respect to the orbital pseudospin operator and the terms being proportional to M s 2 M t and M t 3 exist in the free energy. These results are consistent with the phase transition observed in Pr 0.5 Sr 0.5 MnO 3 and Nd 0.45 Sr 0.55 MnO 3 ͑Refs. 13, 14, and 38͒ where the A-type AF state with the d x 2 Ϫy 2 orbital ordered state appears. In the present calculation, the phase transition at T OO in the region of xϽ0.25 is of the second order as shown in Fig. 1 . With taking into account the following ingredients, the phase transition changes from the second-order transition to the first-order transition: ͑a͒ the higher-order coupling between the pseudospin and the JT-type distortion in a MnO 6 octahedron, ͑b͒ the anharmonic term of the potential energy for the JT-type lattice distortion, 39 and ͑c͒ the higher-order terms with respect to t 0 /U in the effective Hamiltonian in Eq. ͑1͒. It was shown by the neutron diffraction 11 and the resonant x-ray scattering experiments 12 that the orbital order-disorder transition in LaMnO 3 at 780 K is of the first order but is close to the second order. Therefore, these contributions are supposed to be small or almost canceled out with each other. ͑2͒ The relation T C ϾT OO is satisfied in the highly hole doped region (xϾ0.1). This is because gain of the kinetic energy of electrons accompanied with the orbital ordering is lower than that with the ferromagnetic ordering due to the hopping integral between different kinds of orbitals, unlike the spin case. ͑3͒ In the region where T OO and T C are close with each other, the novel phase transition is brought about due to the coupling between the spin and orbital degrees of freedom. The magnetization is enhanced below T OO and T OO increases by applying the magnetic field. These results well explain the unique experimental results observed in La 0.88 Sr 0.12 MnO 3 . ͑4͒ The sequential phase transition from the A-type AF phase to the ferromagnetic phase with increasing T is caused by the thermal fluctuation of the orbital from the d x 2 Ϫy 2 orbital ordered states. The ferromagnetic interaction in the z axis becomes finite due to the orbital fluctuation.
